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considered i n  t h e  t ransverse mode case. I n  t h e  present paper, t h e  

of  t ransverse mode combustion i n s t a b i l i t y  i s  extended t o  inc lude I 

v e l o c i t y  e f f e c t s .  F l u c t u a t i o n s  of t h e  r a d i a l  and tangen t ia l  veloc 

ponents are assumed t o  in f luence the  combustion process r a t e s  i n  a 

AB STRACT 

Ana ly t i ca l  and experimental s tud ies  have confirmed t h e  a p p l i c a t i o n  of 

t h e  pressure-sensi t ive combustion t ime  lag  t o  t ransverse as wel l  as l ong i -  

t u d i n a l  modes of h igh  frequency combustion i n s t a b i l i t y  i n  l i q u i d  p rope l l an t  

rocke t  engines. 

has demonstrated t h a t  an add i t i ona i  combustion r a t e  s e n s i t i v i t y  must be 

However, a recent se r ies  of t e s t s  a t  Pr ince ton  U n i v e r s i t y  

theory 

near i zed 

t y  corn- 

manner 

analogous t o  t h a t  p rev ious ly  proposed by Crocco for  pressure per tu rba t ions .  

A phys ica l  mechanism i s  suggested i n  t h e  enhancement of the  reac tan t  mix ing  

which can be a f f e c t e d  by t h e  t ransverse components of t h e  gas v e l o c i t y .  

The ana lys i s  p r e d i c t s  t h a t  t h e  tangent ia l  v e l o c i t y  par-turbation may have a 

s t rong  d e s t a b i l i z i n g  e f f e c t  on spinning tangent ia l  modes but will have no 

e f f e c t  on standing modes. The r a d i a l  v e l o c i t y  f l u c t u a t i o n  i s  shown t o  have a 

smaller b u t  s i g n i f i c a n t  in f luence.  Experimental v e r i f i c a t i o n  o f  t h e  p red ic ted  

-on-ox id izer  Impinging doublet i n j e c t o r  

on using close spacdng ( 0 .  1 " )  of  t h e  

eftects has been ob ta ined for  a fue 

p a t t e r n  and f o r  l i ke -on - l i ke  i n j e c t  

l i q u i d  spray fans. 
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I. INTROCILJCTION 

High frequency combustion i n s l a b i l i t y  remains one of  t he  most c r i t i c a l  

problems i n  the  development of l i q u i d  p rope l l an t  rocket  engines. Th is  phe- 

nomenon cons is ts  o f  a forced o s c i l l a t i o n  o f  t he  combustion chamber gases, 

d r i ven  by the  combust on process i n t e r a c t i n g  wi th  t h e  resonance e f f e c t s  o f  

t he  chamber geometry. The r e s u l t i n g  o s c i l l a t i o n  pa t te rns  a re  very s i m i l a r  

t o  those o f  t he  acous i c  modes o f  the chamber. For  a c y l i n d r i c a l  chamber, 

c losed a t  both ends one can d i s t i ngu ish  between long i tud ina l  and transverse 

acous t ic  modes. I n  a long i tud ina l  mode the  proper ty  v a r i a t i o n s  occur i n  

the  a x i a l  d i rec t i on ,  whereas cond i t ions  are  uni form on a sec t ion  normal t o  

the  ax i s .  Purely t ransverse modes invo lve  un i fo rm i t y  o f  t he  proper t ies  

a long the  a x i s  bu t  v q r i a t i o n s  i n  the r a d i a l  and c i r cumfe ren t ia l  d i rec t i ons .  

The t ransverse modes can be f u r t h e r  c l a s s i f i e d  i n t o  tangent ia l ,  r a d i a l ,  

and combined tangen t ia l - rad ia l  modes (see Reference I ) .  

t h a t  the  f requencies of f u l l y  developed transverse mode combustion oscil- 

l a t i o n s  f a i l  w i t h i n  a few percei i t  o f  t he  acoust ic  f requencies of tha  cor -  

responding modes. 

ing  form, i n  which the  nodal surfaces a re  s ta t ionary ;  and the  sp inn ing 

form, i n  which the  nodal surfaces r o t a t e  a t  t he  angular frequency of the  

o s c i l l a t i o n .  The t w o  forms o f  the  f i r s t  tangent ia l  mode a r e  i l l u s t r a t e d  i n  

, 

I t  has been observed 

Each tangent ia l  mode can e x i s t  i n  tho  forms, the  s t w d -  

F i gure  I ,  which shows, schematica 

i ns tan ts  dur ing a per iod  o f  osc i  

Ana ly t i ca l  and experimental 

o f  t he  pressure s e n s i t i v e  combus 

ly, pressure and v e l o c i t y  pa t te rns  a t  

I a t  ion. 

s tud ies (1-4) have conf i rmed the  appl 

ion t ime lag concept t o  t ransverse as 

four  

c a t  ion 

we1 I 

as long i tud ina l  modes of h igh  frequency i n s t a b i l i t y .  However, a recent  se r ies  

o f  t e s t s  a t  Pr inceton Un ive rs i t y  has demonstrated t h a t  an add i t i ona l  combustion 

r a t e  s e n s i t i v i t y  must be considered i n  the  t ransverse mode case ( 5 ) .  These 
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t e s t s  used a s i m p l e  fue l -on-ox id izer  impinging doublet I n jec to r ,  i ~ t h  12 

i n j e c t i o n  poin-ts equa l ly  spaced about the  circumference of a s i n g l e  c i r c l e .  

Each doublet p a i r  was contained i n  a s i n g l e  "spud", which cou ld  be o r i e n t e d  

I n  e i t h e r  of two ways, 90' apar t  (see F i gure  2 ) .  

t i o n ,  each spud was arranged so t h a t  t h e  l i n e  of  cen ters  o f  the i n j e c t o r  

o r i f i c e s  l a y  along a rad ius.  With t h e  spud i n  t h e  ' ! tangent ia l "  o r i e n t a -  

t i o n ,  t h e  l i n e  o f  cen ters  was tangent ia l  t o  t h e  i n j e c t i o n  c i r c l e .  Typica l  

t e s t  r e s u l t s  a re  shown i n  F igu re  3, i n  which the  t e s t  p o i n t s  a r e  p l o t t e d  

on t h e  chamber pressure, m ix tu re  r a t i o  plane, wi th  the nature  of t h e  o s c i l -  

l a t i o n  shown by the  shading o f  the  po in t .  A l l  t e s t s  with t h e  tangent ia l  

I n  t h e  " rad ia l ' !  o r  ienta-  

o r i e n t a t i o n  were unstable i n  t h e  f i r s t  tangent ia l  mode. HOWBVBT, q u i t e  

d i f f e r e n t  r e s u l t s  were obta ined with t h e  radial o r i e n t a t i o n .  I n  general, 

t h e  l a t t e r  were more stable; some t h r u s t  chamber con f igu ra t i ons  gave com- 

p l e t e  s t a b i l  iTy  for a l l  opera t ing  cond i t ions .  Such e f f e c t s  have been r e -  

po r ted  prev ious ly  by other  i nves t i ga to rs  ( 6 ,  7) .  I t  i s  genera l l y  agreed 

t h a t  t h e  explanat ion for  i nJec t ion  spray o r i e n t a t i o n  e f f e c t s  should be 

based on t h e  s e n s i t i v i t y  o t  t h e  l i q u i d  p rope l l an t  combustion process i o  

f l u c t u a t i o n s  of t h e  t ransverse gas v e l o c i t y  or displacement components. 

The ana lys i s  which f o l l o w s  i s  based on t h e  cons idera t ion  of t h e  s ta -  

b i l i t y  o f  small per tu rba t ions .  Each of t h e  quantities descr ib ing  t h e  flow 

i n  t h e  rocke t  motor i s  assumed t o  o s c i l l a t e  about B given steady-state 

value. For  c e r t a i n  opera t ing  condi t ions,  t h e  o s c i l l a t i o n  ampli tudes will 

increase w i th  time, even f o r  a r b i t r a r i l y  small i n i t i a l  ampli tudes. Since 

random f l u c t u a t i o n s  of small b u t  f i n i t e  ampli tude (genera l l y  r e f e r r e d  t o  as 

"combustion noise") a re  always present i n  a rocke t  motor, such unstable op- 

e r a t i n g  cond i t i ons  must be avoided. The approach which w i l l  be used i n  t he  

determinat ion o f  t he  s t a b i l i t y  of a rocket combustion system i s  t h e  fo l l ow-  
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ing. Coriditions will be established for the existence o f  neutral oscilla- 

tions, the amp1 itudes of which neither increase nor decrease with  tlme. The 

assemblage of t h e  operating points of the system which s a t i s f y  the conditions 

for neutral osci 1 lation form the “si-abi 1 i t y  1 imits” which divide the unstable 

from the s t a b l e  regions of operation. 

the rocket i s  described by specifying the stability l i m i t s  and lndlcating +he 

unstable regions. 

The complete stability behavior of 

The rocket m t o r  to be considered consists ot a circular cylindrical 

combustion chamber of length L, and r?dlus rc, followed by a converging-diverging 

expans ion nozz 

l y  inswiatigg. 

of combustion 

pellants. ? h e  

e. The wallsare assumed to  be rigid, impervious, and perfect- 

The medium within the chamber consists of gaseous products 

n which a r e  distributed burning droplets of the I i q u i d  pro- 

volume occupied by the liquid i s  taken to be negligibly small. 

<<. 

In this two phase flow, the burning droplets act as dlstributed sources of 

mass, momentum, and energy. It i s  assumed that combustion is completed within 

The combustion chamber and that the gas velocity in the chamber Is 

that the square of the Mach number i s  negligible compared to unity 

in this ideal rocket motor, the f low is divided into t w o  parts, a 

combustion process and an expansion to supersonic velocity without 

It is convenient to carry out the analysis in terms of the to 

dimensionless variables: 

pressure 

density p =  e!* 
temperature T L -T - * +* 

so srnal I 

Thus, 

ow speed 

cgmbust ion. 

lowing 



mass burn ing r a t e  per u n i t  volume 

CEO* 
t ime t =  

-P*  

rc* 
t a x i a l  d is tance E =  rw 
'a 

re 
r a d i a l  d is tance r = -+ P* 

c* i s  t h e  v e l o c i t y  o f  sound, c* i s  t h e  constant  pressure where t 
s p e c i f i c  heat, r= < i s  t h e  r a t i o  of s p e c i f i c  heats, and R* i s  t h e  gas 

constant .  The subscr ip t  o denotes values a t  t h e  i n j e c t o r  face ( E O ) , *  i n -  

d i ca tes  a dimensional quant i ty ,  a superposed arrow ind ica tes  a vector, and 

bar red  q u a n t i t i e s  correspond t o  steady-state. D rop le t  p roper t i es  w i l l  be 

denoted by t h e  subscr ip t  L .  According t o  the avove d e f i n i t i o n s  t* 
t h e  ac tua l  dropl 'et dens i ty  bu t  ra ther  t h e  t o t a l  mass o f  d rop le ts  per u n i t  

volume of gas. 

i s  no t  

Since t h e  steady-state gas v e l o c i t y  must vanish a t  t h e  in-  

* and * are  s tagnat ion  q u a n t i t i e s .  
0 

j e c t o r  face, - Po 
Each quan t i t y  i s  w r i t t e n  as  t he  sum of a steady-state p a r t  and B t ime 

vary ing  per tu rba t ion .  Thus the  pressure i s  expressed a5' 

p =  p +  p'c St 

where 7 
pendent pe r tu rba t i on  ampli tude. (For s i m p i l c i t y  i n  the  ana lys i s  below t h e  

term "pressure per turbat ion"  w i l l  be understood t o  mean? I n  t h e  

t i m e  dependent f a c t o r  e s =A i n  which t h e  rea l  p a r t  Is t h e  

a m p l i f i c a t i o n  fac to r  and t h e  imaginary p a r t  

la t ion . "  The cond l t i on  

i s  t h e  steady-state pressure and 7' i s  t h e  complex, space de- 

I 
o n l y ) .  

st 
> 

G) i s  t h e  frequency of o s c i l -  

=O corresponds t o  neu t ra l  osc i  1 l a t i o n  a t  a s tab i  I i t y  

* I n  t h e  complex representa t ion  of o s c i l l a t i o n  quan t i t i es ,  used i n  t h i s  analysis, 
t h e  ac tua l  phys ica l  value o f  a quan t i t y  i s  g iven by t h e  r e a l  p a r t  of t h e  cor -  
responding complex expression. 
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I irn i t, wh i 1 e ko,x,o represent  stab i I i t y  and I nstab i I i t y ,  respec t i ve l y .  

As  mentioned above, t he  ana lys i s  w i l l  be d i r e c t e d  toward the  determinat ion 

o f  t h e  cond i t i ons  which prevei I when & s =io . It i s  assumed, 

as usual, t h a t  t h e  per tu rba t ions  are so small t h a t  t h e  squares and products 

o f  per tu rba t ions  can be neglected i n  comparison t o  t h e  steady-state values. 

T h i s  procedure leads t o  a se t  of 10 simultaneous, l i nea r ,  p a r t i a l  differen- 

t i a l  equations f o r  t h e  per iu rba t ions  o f  pressure, ve loc i t y ,  atc., which a re  

de ta i  l e d  i n  Reference 5. 

11. v E LOC I TY -OR D I SPL ACEME NT -SEN S I T  I VF, BUR N I NG RATE 

The system of pe r t i r i ba t i on  eduations is not  complete wi thout  an expression 

f o r  the  burn ing r a t e  per tu rba t ion ,  12'. The r e l a t i o n  f o r  ;' der ived by Crocco 

( 2 )  and l a t e r  used by Scale ( 3 )  made use o f  t h e  concept o f  -the combustion 

t ime lag. That i s ,  t h e  gradual evo lu t i on  o f  combustion products f rom an 

element,of Prope l lan t  m ix tu re  traveling through the combustion chamber a f t e r  

i n j e c t i o n  was approximated by a discontinuous conversion from reac tan ts  t o  

products  a f t e r  a c e r t a i n  time, c a l l e d  t h e  t ime lag, had elapsed. By t h i s  

approximation, t h e  impossible task o f  descr ib ing  t h e  combustion process 

through t h e  q u a n t i t a t i v e  knowledge o f  i t s  in termediate h i s t o r y  was g r e a t l y  

s i m p l i f i e d .  It was recognized t h a t  i f  t h e  combustion chamber cond i t i ons  

f l uc tua te ,  t h e  t i m e  lag  must also vary. An a d d i t i o n a l  approximation was 

i ntroduced t o  simp I i f  y t h e  descr i p t  ion  o f  t h e  e f  f ec i  bf t h e  charnbg condi f- ions 

on t h e  t ime lag. The t o t a l  t ime lag was taken as t h e  sum of an in -  

s e n s i t i v e  t ime lag  rii , and a sens i t i ve  t ime lag . The var ious 

phys i c a  I cond i t ions were assumed t o  a f f e c t  t h e  combust ion processes on I y 

dur ing  t h e  s e n s i t i v e  p o r t i o n  of the  t o t a l  t ime lag. Thus, dur ing  f l u c t u a t i n g  

opera t ion  of t h e  rocke t  motor, t h e  t ime v a r l a t l o n  of t h e  total combustion 

t ime lag i s  taken up completely by t h e  s e n s i t i v e  t ime  lag; t he  i n s e n s i t i v e  
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t ime lag is constant. 

I n  t h e  f o l l o w i n g  analys is ,  a t t e n t i o n  w i l l  be concentrated on i n t r i n s i c  

i n s t a b i l i t y ,  t h a t  is, i n s t a b i l i t y  occu r r i ng  when t h e  i n j e c t i o n  r a t e  i s  con- 

s tan t .  

of t h e  t 

hen t he  burn ing r e t e  pe r tu rba t i on  i s  r e l a t e d  t o  t h e  r a t e  o f  change 

me lag by the  expression 

i s  t h e  steady-state combustion i n t e n s i t y .  
dC - 

where d t  = 
Spat ia l  e f f e c t s  due t o  t h e  f l u c t u a t i o n s  of  t h e  toffal t ime lag and l i q u i d  

d r o p l e t  v e l o c i t y  c o n t r i b u t e  terms of t he  same order o f  magnitude as E d G  - 
d r  du' may be O( I ) +  loca l  l y ,  t h e  e f f e c t  of t h i s  f a c t o r  in tegra ted  cl;E Whi l e  

over t h e  e n t i r e  chamber i s  o n l y  O( 

c i t y  a t  the nozzle entrance. Th is  r e s u l t  i s  demonstrated i n  Reference 5. 

The terms introduced b y  s p a t i a l  v a r i a t i o n s  a re  the re fo re  O( U 1 and have 

1 ,  where ca i s  t h e  dimensionless velo- e 

- 2  
a 

been neg I ected. 

I n  the  o r i g i n a l  fo rmula t ion  by Crocco, the t ime lag was def i nad by 

assurn i ng 

processes 

term i ned 

W 

ha t  t h e  t rans format ion  t o  burned gases takes p lace on ly  when t h e  

occu r r i ng  dur ing  t h e  t me l ag  have accumulated up t o  a wel l  de- 

Th s c o n d i t i o n  was expressed by t h e  equat ion . Q. 
eve I E 

t-r, 
r e  $ i s  the o v e r a l l  r a t e  of t h e  various processes invo ved i n  t h e  

combustion o f  t he  I i q u i d  biprope! lants, and t i s  t h e  t ime a t  which 

t h e  t rans format ion  t o  burned gases occurs. I n  t h e  in tegra ls ,  t h e  ra te  4 
a ,  

&As usual t he  symbol O(x) means "of t h e  same order  or magnitude as x" .  
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must be computed us ing t h e  instantaneous values o f  t h e  phys ica l  cond i t i ons  

a t  each i n s t a n t  t' a t  t h e  loca t ion  ( represent ing the  s p a t i a l  v a r i -  

ab les  r,r, 0 1 where the  element i s  a t  t h a t  i as tan t .  The s e n s i t i v i t y  o f  

t h e  r a t e  f 
pressure) was expressed by the  i n t e r a c t i o n  index 7% , def ined by 

t o  v a r i a t i o n s  i n  chamber cond i t i ons  ( c o r r e l a t e d  t o  the  local 

. 

where t h e  parenthe t ica l  expression i s  evaluated a t  t he  steady-state opera t ing  

cond i t i ons  

lag  occurs j u s t  be fore  t h e  conversion t o  combustion products. Then dur ing 

t h e  insens t i v e  t ime lag t h e  unsteady process r a t e  i s  equal t o  t h e  steady- 

s t a t e  ra te ,  

The assumption was made t h a t  t h e  s e n s i t i v e  p o r t i o n  of  t h e  t ime 

f = f )  (6) 

Since t h e  unsteady pressure i s  of t h e  form -p=p +p'e '' 
r a t e  dur ing  t h e  s e n s i t i v e  t ime lag i s  g iven by 

, t h e  process 

Making use of these re la t i ons ,  the burn ing  r a t e  pe r tu rba t i on  was found t o  be 

g i ven by 
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1 

which i s  of t h e  form 

I n  t h e  d e r i v a t i o n  of t h i s  burning r a t e  expression, i t  was sssurned 

t h a t  a l l  q u a n t i t i e s  a f f e c t i n g  the  combustion process cou ld  be c o r r e l a t e d  

t o  the  local pressure. 

dynamic s t a t e  p roper t i es  such as temperature and density, i t  can not  be app l i ed  

t o  t h e  components o f  t h e  gas ve loc i ty ,  which may be of equal importance 

i n  t h e  combustion process. The e f f e c t s  o f  t h e  v e l o c i t y  pe r tu rba t i ons  

must the re fo re  be taken i n t o  account separate ly  from the  e f f e c t s  of those 

q u a n t i t i e s  which can be co r re la ted  w i th  t h e  pressure. 

While t h i s  assumption can be app l ied  t o  thermo- 

Only t h e  t ransverse ( i .e.,  r a d i a l  and t a n g e n t i a l )  components o f  t h e  

v e l o c i t y  pe r tu rba t i on  can be s i g n i f i c a n t  i n  the  explanat ion o f  t h e  o r i e n t a -  

t i o n  e f f e c t  described above. For pure ly  t ransverse modes of o s c i l l a t i o n ,  

t h e  l ong i tud ina l  component i s  always much smaller than t h e  t ransverse com- 

ponents, I n  add i t ion ,  t h e  l ong i tud ina l  v e l o c i t y  pe r tu rba t i on  vanishes a t  

t h e  i n j e c t o r  face and has i t s  smal lest  magnitude i n  t h e  e a r l y  combustion 

region, t h e  zone i n  which b a f f l e s  have been seen t o  have t h e  grea tes t  in -  

f luence on s t a b i l i t y .  

O f  t h e  var ious in termediate processes occu r r i ng  dur ing  t h e  combustion 

o f  l i q u i d  b ip rope l l an ts ,  those most s e n s i t i v e  t o  v e i o c i t y  a re  t h e  vaporiza- 

t i o n  of t h e  l i q u i d  d rop le ts  and the  m ix ing  o f  t h e  vaporized p rope l l an ts  

which must precede chemical react ion.  I n  t h e  process of vapor izat ion,  t h e  

important quan t i t y  i s  t h e  absolute magnitude o f  t h e  v e l o c i t y  of t h e  h o t  

gases r e l a t i v e  t o  the  l i q u i d  droplet .  The d i f f e rences  i n  t h e  v e l o c i t y  

patterns o f  t he  standing and spinning forms o f  tangent ia l  modes of o s c i l l a -  

l a t i o n  (which were observed t o  have s t r i k i n g l y  d i f f e r e n t  s t a b i l i t y  charac- 



Page 9 

r a t e s .  However, s 

t h e  o r i e n t a t i o n  ef 

process. I n  a d d i t  

i nd i ca tes  t h a t  t h e  

on of t h e  r e l a t i v e  v e l o c j t y  i s  immaterial, 

a inable by means o f  t h e  vapor iza t ion  

ica l  sutdy o f  Wieber and Mickelsen ( 8 )  

o c i t y  e f f e c t  on d r o p l e t  vapor iza t ion  i s  

t e r i s t i c s )  cou ld  r e s u l t  i n  d i f fe rences  i n  the  local and o v e r a l l  vapor iza t ion  

nce t h e  d i r e c t  

e c t  i s  not exp 

on, t he  theore 

o s c i l l a t i n g  ve 

e s s e n t i a l l y  nonl inear  because o f  the dependence o f  t h e  evaporation r a t e  

on t h e  absolute magnitude o f  t he  r e l a t i v e  v e l o c i t y .  On t h e  o ther  hand, for 

our i n j e c t o r  con f igura t ion ,  t he  mix ing of t h e  p rope l l an ts  by t he  o s c i l l a t i n g  

v e l o c i t i e s  may be l i n e a r i z e d  and i s  very s t rong ly  dependent on the  o r i e n t a t i o n  

o f  t h e  l i q u i d  spray fans (produced by t h e  fue l -on -ox id i ze r  impinging doublet 

i n j e c t o r ) .  Although no d e t a i l e d  descr ip t ion  of such a complex phenomenon i s  

now poss ib le ,  t h e  f o l l o w i n g  schematic d iscuss ion i l l u s t r a t e s  one process b y  

which t h e  burn ing r a t e  may be caused t o  o s c i l l a t e  by an o s c i l l a t i n g  t ransverse 

v e l o c i t y .  

Consider t h e  m ix tu re  o f  gaseous combustion products, vaporized p rope l l an ts  

( o x i d i z e r  and f u e l ) ,  and l i q u i d  p rope l lan t  d rop le ts  a 

downstream of an i n j e c t o r  doublet. For an f u e l - o n a x  

l i q u i d  mixing i s  imper fect  and some degree o f  s t r a t i f  

m ix tu re  ( 9 ) .  f o r  concreteness, the  area o f  i n t e r e s t  

some a x i a l  s t a t i o n  

d i ze r  impinging i n j e c t o r ,  

c a t i o n  e x i s t s  i n  t h e  

s shown i n  F igu re  4 (a>  

for a doublet spud o r i e n t e d  w i th  the l i n e  o f  cen ters  o f  i t s  o r i f i c e s  tangent ia l  

t o  t h e  i n j e c t i o n  c i r c l e .  Then t h e  s t r a t i f i c a t i o n  i s  almost e n t i r e l y  i n  t h e  

tangen t ia l  d i rec t i on ,  as shown by the  l i n e s  o f  constant  mass t r a c t i o n  o f  

vaporized o x i d i z e r  i n  t h e  gas mixture, Yx. 

yx  contours w i  I I be dependent on the design and opera t ing  m ix tu re  r a t i o s ,  

t h e  p rope l l an t  c h a r a c t e r i s t i c s ,  etc. Because o f  t h e  turbulence i n  t h e  com- 

b u s t i o n  chamber, t h e  s t r a t i f i c a t i o n  p a t t e r n  shown schemat ica l ly  i n  F i g u r e  4 l a )  

represents  on l y  mean cond i t ions .  

The exact shape of the  constant  
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on of the  two propel l a n t s  a r e  

comparable. A t y p i c a l  f ue l  r i c h  d rop le t  i s  shown a t  p o s i t i o n  A i n  t h e  reg ion  

w h i 3  i s  r e l a t i v e l y  r i c h  i n  vaporized f u e l ,  A corresponding o x i d i z e r  r i c h  

d r o p l e t  i s  shown a t  B i n  the  o x i d i z e r  r i c h  reg ion  o f  the  mixture.  As a 

d r o p l e t  evaporates, the  vapors d i f f u s e  away and must m i #  wi th  t h e  other  

vaporized p r o p e l l a n t  i n  t h e  proper propor t ions f o r  chemical reac t ion .  The 

o v e r a l l  burn ing r a t e  o f  a f u e l  r i c h  droplet ,  w i l l  t h e r e f o r e  be a f u n c t i o n  o f  

t h e  amount o f  o x i d i z e r  vapor near the drop le t .  

I n  t h e  presence o f  small, per iodic,  t ransverse gas v e l o c i t y  o s c i l l a t i o n s  

, bU’ewf 1, the  gaseous mixture w i l  I be displaced r e l a t i v e  t o  
l i d  

( V  e 
t h e  droplets,  causing o s c i l l a t i o n s  of t h e  loca l  mass f r a c t i o n s  o f  o x i d i z e r  

and f u e l .  The mot ion o f  t h e  la rger  d rop le ts  i s  small compared t o  t h e  gas 

motion, whi le  the smaller d rop le ts  tend t o  move w i th  the  gas. Therefore 

t h e  discussion here p e r t a i n s  t o  t h e  larger  droplets .  As a d r o p l e t  evapor- 

ates, i t  tends t o  be displaced w i th  the gas and the  e f f e c t  06 the  t ransverse 

v e l o c i t y  on i t s  burn ing r a t e  decreases. Thus t h e  v e l o c i t y  e f i e c i  described 

here can be expected t o  be most important i n  t h e  e a r l y  combustion region, i n  

agreement w i th  experimental r e s u l t s .  Since t h e  f u e l  r i c h  d r o p l e t  i s  i n  an 

ox idant  d e f i c i e n t  regiqn, an increase i n  t h e  o x i d i z e r  mass f r a c t i o n  w i l l  

increase i t s  c o n t r i b u t i o n  t o  the  o v e r a l l  burn ing r a t e ,  The opposi te  i s  t r u e  

f o r  t h e  o x i d i z e r  r i c h  droplet ;  anoincrease i n  t h e  l oca l  o x i d i z e r  f r a c t i o n  i s  

accompanied by a decrease i n  t h e  local  f u e l  f r a c t i o n .  Thus, a p e r t u r b a t i o n  

v e l o c i t y ,  or a displacement, i n  t h e  p o s i t i v e  @-d i rec t ion  (see F i g u r e  4 ( a ) )  

w i l l  increase t h e  o x i d i z e r  r i c h  d rop le t  burn ing r a t e  and decrease the f u e l  

r i c h  d r o p l e t  burn ing ra te .  Therefore t h e  e f f e c t s  on t h e  two drop le ts  w i l l  tend 

t o  cancel where the  two prope l lan ts  have comparable evaporat ion ra tes .  

In a rocket  combustion chamber, the t r a n s p o r t  and mix ing  o f  the  vapors i s  

Of 

.most l i k e l y  To be c n r r i e d  ou t  p r i m a r i l y  b y  turbu lence ra ther  than molecular 
d i f f u s i o n .  
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course, in order to determine the effect of the velocity perturbation of 

the entire spray, al I of the propellant droplets must  be considered. 
6 ,  

Get US now consider the case when one of -the propellants, e .g . ,  the 

oxidizer, vaporizes at a greater rate than the other. In that case there w i l l  

be very little fuel vapor in the early stages where oxidizer drople-ts are 

evaporated, and practical ly no oxidizer droplets IefT in The latter stages 

where fuel vapor is being produced. Therefore, there will be less cancellation 

of opposing effects and the overall velocity effect will be determined by the 

burning of the droplets of the fuel in the surrounding gas contaiAing a non 

uniform oxidizer vapor concentration. Indeed,for the liquid oxygen-ethyl alcohol 

combination used in the instability experiments at Princeton University, i t  can 

be estimated, using the spray evaporation calculations of Priern and Heidmann 

(10) and the relative vaporization rate data of Pass and Tischler ( I S ) ,  that 

at any early station, twice as much oxidant as fuel  will have evaporated. 

Thus important velocity or displacement effects can be expected. For other 

propellant combinations, i h e  evapuration rates of t h e  f w l  and oxidizer cocr!d 

be quite similar, and hence the velocity mixing effect could be considerably 

reduced. 

If the injector doublet which produces the mixture discussed above is 

from the tangential orientation, the resulting 4 r o t a t e d  through an angle 

mixture wi I I also be rotated, and wi I I appear as shown in F igure 4 ( b ) .  There- 

fore, the net combustion process rate perturbation will in general depend on 

both the radial and tangential velocity (or displacement) components and can 

be written in the form 

where p and 1 are radial and tangential 
'Q P 
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ion ind ices analogous t o  t h e  pressure i n t e r a c t i o n  index 

y b y  Crocco (ec,uation ( 5 ) .  

per tu rba t i on  i n  terms of t h e  v e l o c i t y  components. because 

Here we have chosen t o  represent  

these a re  among t h e  dependent var iab les  appearing i n  t h e  treatment t h a t  f o l -  

lows. Th is  formulat ion,  however, covers a l s o  t h e  case when the re levan t  

parameters a re  t h e  components 

t h e  displacement. Indeed we have 

and ot  
J J  e i w t  
r 

so t h a t  equat ion (9a) can be w r i t t e n  

w i th  

I f  t h e  displacement i n te rac t i on  ind ices )n and m wer'e r e a l  and 
r e 

constant, t h e  corresponding v e l o c i t y  i n t e r a c t i o n  ind ices  would be  imaginary 

and frequency dependent. I n  al I cases t h e  displacement ind ices present a 90' 

ph'ase s h i f t  w i th  respect  t o  t h e  v e l o c i t y  ind ices.  

Keeping i n  mind t h e  r e l a t i o n s  (Sc), t h e  expression (9a) tor  $' can be 

used i n  a 

ing  i n  t h  

tr i buted 

I eases, and from now on we s h a l l  speak o n l y  o f  v e l o c i t y  e f fec ts ,  inc lud-  

s expression a l so  the  e f f e c t s  t h a t  should more d i r e c t l y  be a t -  

o t h e  displacement. 

I t  must be c l e a r  t h a t  t he  above l inear ized expressions w i l l  no1 

f o r  a l l  types o f  i n j e c t i o n  pa t te rns  and t h a t  non-l inear e f f e c t s  w i I  

be v a l i d  

of ten  be 

w i th  t h e  present. For  example, approximately l i n e a r  e f f e c t s  can be expected 
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fuel-on-oxidizer impinging doublet and for the like-on-like pattern i f  ?he 

spacing between unlike fans i s  sufficiently small. However, for large spac- 

ings, non-l inear velocity or displacement effects should be t a k e n  into con- 

sideration. 

At the present time, the magnitudes of the velocity indices arid their 

variations with axial disfance cannot be calculated because of the lack of 

quantitative knowledge 

bustion under turbulen 

shall in this paper on 

comes from the assumpt 

of the processes inmlved in liquid propellent com- 

conditions. From an heuristic point of view, we 

y consider two particularly simple expressions. 

on that the velocity effects occur during the same 

One 

time interval (the sensitive time l a g l a s  t h e  pressure effects. Assuming, 

then, a linear dependence of the perturbation of  the overall rate of the 

processes occurring during the sensitive time lagL on the perturbation of 

pressure and radial and tangentibl velocity, equation (7) becomes 
c 10) 

The Qime rate  of change of the sens 

cedure a s  used previously to be 

tive time ag, is found, by the same pro- 
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Then burn ing  r a t e  pe r tu rba t i on  can be w r i t t e n  as 

h S ' J  

- 

I n  genera I , &= ZLa) vat- i es f rom one prope I I an t  e I ement t o  another. 

The e f f e c t  on combustion i n s t a b i l i t y  o f  such a spread i n  t h e  s e n s i t i v e  t ime 

lag  has been evaluated by  Crocco and Cheng ( I ) .  I n  t h i s  analys is ,  i t  i s  as- 

sumed t h a t  a l l  p r o p e l l a n t  elements have equal mean s e n s i t i v e  t ime lags, so 

t h a t  = constant. I t  must be observed here Thai T h i s  formula1 ion appl it35 

equal l y  t o  t h e  case when the  value of i s  d i f f e r e n t  fo r  t h e  pressure and 

- 

t h e  v e l o c i t y  e f f e c t s .  Consideration i s  given t o  t h i s  and other  formulat ions 

i n  Reference 5. I t  should be noted,howeveG t h a t  these a l t e r n a t i v e  fo rmula t ions  

i nvo l ve  add i t i ona l  perimeters which cannot be ca l cu la ted  a p r i o r '  and whi<:h 

would produce q u i t e  a problem i f  they were t o  be determined from empi r i ca l  ob- 

s t r u c t i o n .  Moreover, t h e  q u a n t i t a t i v e  cons idera t ion  of poss ib le  i n t e r a c t i o n  

mechanisms ( t o  be Jiscussed i n  a f u t u r e  paper) g ives  weight t o  t h e  hypothes is  

of equal s e n s i t i v e  t ime  lags, 

Another s imp le  expression f o r  the burn ing  r a t e  i s  again i nsp i red  by t h e  

q u a l i t a t i v e  examination of poss ib le  i n t e r a c t i o n  mechanisms, which shows t h a t  

i t  i s  poss ib le  fo r  a p a r t  of t h e  burning r a t e  v a r i a t i o n  t o  be i n  phase w i th  

t h e  v a r i a t i o n  o f  concent ra t ion  o f  the morevolatile p rope l lan t ,  and hence w i th  
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i 

t h e  displacement i t s e l f .  I n  t h i s  case t h e  c o e f f i c i e n t s  o f  ( 9 b )  are  r e a i  

and those o f  (9a) imaginary. The r e s u l t i n g  expression f o r  Q' i s  st iD 

g iven by (121, wi th  63 s t i l l  provided by ( IZa) ,  b u t  and 7 g 

by t h e  simple expressions 

ve n 

111. SOLUTION /=(J?-m PERTURBATIONS 

The a d d i t i o n  o f  v e l o c i t y  terms t o  the  burn ing r a t e  p e r t u r b a t i o n  expression 

makes separat ion o f  t h e  verriables, as used i n  Reference (31, impossible. There- 

f o r e  a d i f f e r e n t  approach i s  used. The s o l u t i o n s  assumed t o  take t h e  form o f  a 

ser ies;  t h e  pressure per turbat ion,  f o r  example i s  

i s  essumed t o  b e  i s @fi> , etc.  s i  nce the p v s r n -  

, t h e  s o l u t i o n  w i l l  be 
PI 

i ng ec;uat ions were der i ved neg l e c t  i ng terms o f  o[$) 
. As discussed previous- % c a r r i e d  o n l y  as f a r  as t h e  f i r s t  order cor rec t ion ,  

ly, i t  i s  assumed t h a t  t h e  combustion process produces an unperturbed v e l o c i t y  

i n  t h e  combustion charnber,which i s  small compared t o  t h e  v e l o c i t y  of sound) and 

' ,  

t h a t  

una I 

and 

t h e  drop le t  drag, (and hence the  d r o p l e t  o s c i l l a t i o n  ampli tude), i s  a lso 

. Therefore, t h e  zeroth order  s o l u t i o n  corresponds t o  acoust ic  o s c i l l e t  

he f i r s t  order c o r r e c t i o n  includes t h e  e f f e c t s  of t h e  cornbustion process 

eract ion,  and t h e  exhaust nozzle, 

s procedure, t h e  per tu rba t ion  e ' ,uat ions can be expressed as 

(5)  >: 

t h e  l i q u i d  gas i n  

Fo l low ing  t h  

i o i  iows (see Sef.  

I 

ons, 
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AX - s 2 p 0 = o  (14) 

where A i s  t h e  Laplac ian operator 

The boundary cond i t ions  a t  t h e  combustion chamber w a l l  6 re  t h a t  the  v e l o c i t y  

p e r t u r b a t i o n  normal to t h e  wall must vanish; t h a t  is ,  u’ = 0 a t z = d a n d  v ’  = 0 
a t  r = I .  In addi t ion,  it i s  necessary t o  impose cond i t ions  o f  boundedness 

and p e r i o d i c i t y  i n  order t o  o b t a i n  a so lu t ion .  A t  t h e  combustion chamber e x i t ,  

S , +he proper b u n d a r y  c c n d i t i o n  i s  a relation be-iween The per-turba- e 
t i c n s  o f  pressure, v e l o c i t y ,  and entropy. 

For  t ransverse modes, t h e  zeroth order solution has been found 40 be 

c o r r e c t  t o  terms of t h e  order of  t h e  chamber e x i t  Mach number, u e 
, I n  equat ion ( 15) 

and (s tanding mode) 
(16) 



or 

Physical ly, 

wal I, on wh 

Each value of the constant s&,, 
h is the number of cy1 

ch the radial velocity 

tangential mode, h = 2 to a purely 

( s p  i nn i ng mode) ("1 

is characteristic of a mode of oscillation. 

ndrical surfaces 

perturbation van 

to the first rad 

including t he  outer solid 

shes; h = 1 corresponds 

a i  mode, h =  3 to the sec- 

ond radial mode, etc. The standing mode tangential velocity perturbation 

vanishes on stationary diametral surfaces (nodal surfaces) which can then be 

replaced by solid surfaces ( e . g . ,  baffles or sector inserts, Ref. ( 1 3  without 

disturbing the oscillation pattern. 

tate at the oscillation frequency. 

In a spinning mode the nodal surfaces ro- 

For d =  0 , the o solution i s  simply 

O, = Constant =J. 
which represents a purely radial mode, since there i s  no variation in the tan- 

gential direction. The first tangential mode corresponds To $ = I ,  the  

second tangential mode -to 9 = 2, and so on. 

The second order soluiron can be found by superposition. Le.1 

where the partial solutions are solutions of the fol- 

lowing equations 

Apc -s2z = 7 dk d.!Z P 06 Gd,, &, 
(*I This expression corresponds to spinning i n  % positive 8 direction. 

Spinning in the oppos i te  directicn would be represenfed b y  exp(L$e) or 
can simply be taken care of by changing the positive 0 direction. 
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R J  
pa andPc 

I t  is seen t h a t  the pressure s e n s i t i v e  combustion e f f e c t s  appear i n  

and the  r a d i a l  and tangent ia l  v e l o c i t y  s e n s i t i v i t i e s  enter  i n t o  

r e s p e c t i v e l y .  The p a r t i a l  s o l u t i o n  

drop I e t  drag. 

includes t h e  e f f e c t  of  t h e  l i q u i d  Pi 

The p a r t i a l  s o l u t i o n  f i  can be obtained by l e t t i n g  

c 19) 

then equat ion i 18a) becomes - 

The t ransverse d i s t r i b u t i o n  f u n c t i o n  s a t i s f y  t h e  r e l a t i o n  

I 

Making use o f  t h i s  r e l a t i o n ,  equat ion ( 2 0 )  becomes 

f 22) 

2 2  and & a r e  both 0 ; ;  1, t h e  d i f f e r e n t i a l  * +% P@ G 
However, s ince 

equat ion f o r  PA reduces t o  

T h i s  equat ion i s  e a s i l y  in tegrated to g i v e  

(24) 

where t h e  i n t e g r a t i o n  constan) 

face, 

represents t h e  value o f  - QA a t  t h e  i n j e c t o r  
- P !  

f = 0; therefore,  Kp, = O(ue). 
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The p a r t i a l  s o l u t i o n  7~ i s  obtained i n  t h e  same manner from ecquation (180) 

and 

where aqain 

A d i f f e r e n t  procedure must be adopted i n  order t o  o b t a i n  the  p a r t i a l  

s o l u t i o n s  T B  and.pc because ec,uations (It331 and f1E) are  no t  separable. 

These equations a re  of  t h e  form 

The so lu t i ons  (e lgenfunc t ions)  o f  the  corresponding homogeneous equat ion a re  

p = 0, I, Z p  .as j 4.' I, r,3,  - * -  

These t ransverse e igenfunct ions form a complete, orthogonal set. A s o l u t i o n  

of equat ion (26) can be o b t a i  ned, therefore, b y  expandi ng G(r, 8) i n a ser ies  

of t h e  t ransverse e i g e n f u n c t i o n s . H  

The s o l u t i o n  o f  equat ion (26) i s  w r i t t e n  i n  t h e  form 

(*I See foo tno te  t o  equation (16) .  

* The v a l i d i t y  of  t h e  expansion depends on t h e  ex is tence o f  Green's func t i on  
for  t h e  boundary c o n d i t i o n p d p  0 , which f o l l o w s  from t h e  ex is tence of 
Green's func-tion for t h e  boundary c o n d l t i o n v ]  = 0. (12, 13) 
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The transverse eigenfunctions m u s t  satisfy the reletion stated previously i n  

equation (21). Then equation ( 2 6 )  y i e l d s  

Let ap% = AB. Thus, the partial differential equation (26) has been 

reduced to the set of linear, second order, inhomogeneous, ordinary differ- 

en t i a I ea;uat i ons . 

The expansion coefficients are given b y  

where H is a normalizing factor, defined b y  

4 and Q; . is the complex conjugate uf 

Consider first the partial solutionfB, given by 

where the axial distribution functions P satisfy the differential equation& Bh 

The mode of instability under consideration i s  specified by the pair of indices 

9, h. If p = 9, q = h, equation (34) reduces to 

(35) 

( * I  Here, it i s  assumed that 1, , and hence 62 , do not depend on f & e. 
The opposite cese can easily be t rea ted .  

' . I  



as before.  For a l l  o ther  values of p and q, equation (34) becomes 

(37)  
L Z  

s ince 8 =-3A + o ( U ,  

method of v a r i a t i o n  of constants as 

. The s o l u t i o n  o f  t h i s  ei,uation i s  obta ined by t h e  

The expansion c o e f f i c i e n t s  8 are  given by  P:: 

For a sp inn ing mode, op = e Oi@ . Then 
' , I  

From t h  i s express i m, 

can be seen tha? 

* A prime w i l l  be used t o  denote d i f f e r e n t i a t i o n  o f  a f u n c t i o n  w i th  respect  
t o  i t s  argument. Thus 

d% 



Page 22 

The same result is obtained for tbe standing mode, because C&g and 

cos PQ ( 0 s  6 dzTT) are a l so  orthogonal. 

The partial solution i s  obtained b y  the same procedure as used for 

YB. Thus, letting 

the axial distribution functions are 

The expansion coefficients for Fc are  given b y  the expression 

-iJe 
For a spinning mode' = e L$e. Then @I= -&, is orthog- 

onal $0 a l l  of the functions 9, = e  'p except oj so that 

The assumption is made here that A b  , and r ,  do not depend on 
r or 8 .  It is easy to treat the opposite case. 
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I n  p a r t i c u l a r ,  f o r  q = h, equations (45b) becomes 

I 

4 
where G i s  a p o s i t i v e  r e a l  number. Thus, t h e  expansion c o e f f i c i e n t  cor -  

responding t o  t h e  mode of  i n s t a b i l i t y  under cons idera t ion  i s  a negative, pure ly  

imaginary number. 

a& 

However, f o r  a standing mode o f  osc i  I l a t i on ,  @ d = C ~ S d Q  , and t h e  

der i v a t  ve q = - $ S k 3 8  i s  orthogonal t o  f o r  a1 I p, over the  

i n te rva  a GSZT . I n  order t o  o b t a i n  expressions f o r  t he  expansion 

c o e f f i c  ents, t h e  i n t e r v a l  o f  d e f i n i t i o n  of t h e  e igenfunc t ion  expansion i s  

changed from osesmt,  os04 T . S i  nce t h e  stand- 

ing mode o s c i l  l a t i o n  p a t t e r n  i s  syhmetrical about 

t h e  o ther  h a l f  o f  t h e  s o l u t i o n  can be ob ta ined b y  r e f l e c t i o n .  Then for a stand- 

@;cCn 

& 0 (or a=n> , 

o r  
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The most important r e s u l t  here i s  t h a t  t h e  e igenfunc t ion  expansion for (pc 
does n o t  inc lude a term corresponding t o  t h e  mode of which t h e  s t a b i l i t y  i s  

being considered. 

In sumnary, t he  s o l u t i o n  fo r  t h e  pressure pe r tu rba t i on  has been 

found t o  be - 

for t h e  spi nn i ng mode, and 

f o r  t h e  standing mode. Both of these so lu t i ons  are of t h e  form 

so t h a t  t h e  v e l o c i t y  per tu rba t ions  can be w r i t t e n  as  



The entropy pe r tu rba t i on  must be evaluated before t h e  nozzle boundary 

c o n d i t i o n  can be imposed. 

ent ropy i s  w r i t t e n  as  

A S  wi th  the other  pe r tu rba t i on  quant i t ies ,  t h e  

where i t  i s  found t h a t  

Thus t h e  entropy pe r tu rba t i on  i s  largest  i n  t h e  reg ion  where t h e  combustion 

i s  most intense. A t  t h e  nozz le entrance, where combustion i s  assumed complete, 

t h e  entropy pe r tu rba t  ion  vanishes t o  o( “e). 
I t  i s  now poss ib le  t o  examine the s t a b i l i t y  behavior of t h e  rocket  motor 

by app ly ing  t h e  chamber ex t boundary cond i t ion ,  which i s  t he  nozzle adn i t -  

tance r e l a t i o n .  The condi ions a t  the s t a b i l i t y  l i m i t s ,  which bound t h e  

reg ions of unstable operat on, w i l l  be der ived by s e t t i n g  the  a m p l i f i c a t i o n  fac-  

t o r  

s =A, where 0 i s  t h e  frequency of o s c i l l a t i o n .  

equal t o  zero. Then t h e  complex t ime  parameter 6 i s  pure ly  imaginary, 

The boundary cond i t i on  imposed by t h e  exhaust nozzle upon the  o s c i l l a t o r y  

f l ow  i n  t h e  rocke t  combustion chamber was presented i n  Reference I as 

In t h i s  form i t i s  app l i cab le  t o  t h e  case i n  which the  combustion process i s  

s e n s i t i v e  on l y  t o  pressure va r ia t i ons .  

t h e  wave pa t te rn  introduced by t he  e f f e c t s  on the  combustion process of ?he 

t ransverse v e l o c i t y  f l uc tua t i ons ,  i t  has been necessary i n  here t o  make use of 

However, because o f  f he  d i s t o r t i o n  o f  
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e igenfunc t ion  expansions i n  t h e  per tu rba t ion  so lu t ion ,  which has been found to 

take  t h e  f o l l o w i n g  form: 

Then, imposing t h e  nozzle boundary cond i t ion  r e s u l t s  i n  not  one r e l a t i o n  as i n  

equat ion (521, b u t  i n f i n i t e l y  many r e l a t i o n s  o f  t h e  form 

There i s  thus an admittance r e l a t i o n  correspond 

f u n c t i o n  expansions. 

Since combustion i s  assumed t o  be complete 

I -  

ng t o  each term i n  t h e  eigen- 

a t  t h e  entrance t o  t h e  nozzle, 

- du ('=Q = j5 [ Z d )  = 0 
dt L 

Hence, t h e  a x i a l  d i s t r i b u t i o n  funct ions become, us ing equations (48)  and (4993 
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where 

S u b s t i t u t i n g  t h e  r e l a t i o n s  ( 5 5 )  i n t o  t h e  nozzle admittance equat ion (541, 

and d e f i n i n g  a combined admittance c o e f f i c i e n t  & b y  

t h e r e  r e s u l t s  t h e  equat ion 

Each o f  the  p a r t i a l  

includes a constant resu 

For each p a i r  o f  ind ices 

so lu t ions  making up t h e  pressure per tu rba t ion  

t i n g  from the i n t e g r a t i o n  i n  the  a x i a l  d i r e c t  

p, q ( t h a t  is, f o r  each term i n  t h e  eigenfunc 

P’ 

on. 

ion 

expansion), t h e  several i n t e g r a t i o n  constants can be combined i n t o  one. Then 

t h e  a x i a l  d i s t r i b u t i o n  func t ions  kb) take t h e  f o l  lowing form: 
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/cI 

does no t  inc lude any i n t e g r a t i o n  constant and t h e  $3 where t h e  func t i on  

a re  a l l  &g) . I n  p a r t i c u l a r ,  t h e  a x i a l  f unc t i on  cor -  c s K  
f3 

cons t a  n 

respond ng t o  t h e  mode o f  o s c i l l a t i o n  under cons idera t ion  can be w r i t t e n  as 

w 
The f u n c t i o n  p , which from equations (55)  and (56 )  i s  given by #A 

i s  oIE> . The i n t e g r a t i o n  constant can be absorbed i n t o  t h e  constant 
n I& 

as can be seen from t h e  fo l l ow lng  discussion. Equation (59)  i s  d iv ided  

, g i v i n g  

or 

and thus 

, t h e i r  product i s  

S im i la r l y ,  rep lac ing  Po, w i th  P 
O f  

i n  equation ( 5 9 )  r e s u l t s  i n  an error  
00 

which i n  t h i s  ana lys i s  has been assumed t o  be n e g l i g i b l e .  

The s o l u t i o n  f o r  the  pressure per turbat ion,  equation (49a), can thus be 
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yu 
The constant e o  , which represents the perturbation arnpliiude level, 
w i !  1 net affect the stabi I ity solution. F c r  each f i f ) l h  the nozzle boundary 
condition 

( 64) a 

can be used to determine the integration constant KP, . Application of the 

remaining boundary condition, 

4 A  

results in an eigenvalue prob em. 

equation for the eigenvalues 

concerned with the stability imits where A - 0. 
That is, equation ( 6 4 )  is the characteristic 

S i  o r & @ ,  since as already stated we are only 

6 y  use of the expression f o r  L f Z )  cbtsinod frm e,uaticr.s ( 6 0 )  2nd ( G I ) ,  

the characteristic equation (64b) can be written as 

where the right hand side is of the form 
, 

with ( 668) 
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w 
I n  t h e  expressions f o r  h l  and h2 a reduced frequency /= 
duced. S i nce W'S: = o[ t  ) 
quency f takes on values near un i t y .  

has been i n t r o -  

f o r  a pure ly  t ransverse mode, the  reduced f r e -  

As w r i t t e n  i n  equation ( 6 5 )  above, t h e  c h a r a c t e r i s t i c  equation e x h i b i t s  

t h e  balance which e x i s t s  a t  t he  s t a b i l i t y  l i m i t s .  I n  order  f o r  neut ra l  os- 

c i l l a t i o n s  t o  be maintained, t h e  energy supp l ied  by t h e  combustion process, 

r e l a t e d  t o  t h e  l e f t  s i de  of equation (651, must be completely absorbed by 

t h e  f l u i d  methanical processes, which a re  r e l a t e d  t o  t h e  func t i on  h on the 

r i g h t  s ide  of t h e  c h a r a c t e r i s t i c  equation. If more than s u f f i c i e n t  energy i s  

supplied, t h e  o s c i l l a t i o n  amplitude w i l l  grow. Such an o s c i l l a t i o n  i s  l i n e a r l y  

unstable. Eventual ly ,  nonl inear  energy-absorbing processes w i l l  r e s t o r e  the  
' ,  

energy balance a t  some h igh  leve l  of amplitude. The importance of t h e  o s c i l l a t i o n  

t o  t h e  proper opera t ion  of  t h e  rocket  motor depends upon t h e  ampli tude level  

f i n a l l y  a t ta ined.  However, i t  has been observed t h a t  near ly  a l l  t ransverse 

mode i n s t a b i l i t i e s  grow t o  very high leve ls ,  causing r a p i d  combustion chamber 

des t ruc t ion .  Stable ope ra t i on  r e s u l t s  i n  t h e  case t h a t  t h e  energy re lease 

i s  i n s u f f i c i e n t  t o  ba 

t h a t  t h e  c h a r a c t e r i s t  

cond i t ion ,  as wel l  as 

of  energy re lease and 

ance t h e  energy absorbed by t h e  o s c i l l a t i o n .  The f a c t  

c equation i s  complex imp l ies  t h a t  t he re  i s  a phase 

t h e  ampli tude cond i t ion ,  r e l a t i n g  t h e  o s c i l l a t i n g  r a t e s  

energy absorpt ion f o r  neut ra l  o s c i l l a t i o n s .  

Assuming f i r s t  t h a t  t h e  pressures and v e l o c i t y  e f f e c t s  a re  charac ter ized  

by t h e  same mean s e n s i t i v e  t ime lag  

parameters a re  obta ined from (129) as 

2 , t h e  d e f i n i t i o n s  of t h e  burn ing  sa te  



The s i m p l i f i c a t i o n  of these expressions w i th  respect t o  (12a) can be j u s t i f i e d  

(33) and corresponds t o  neg lec t ing  the space wise c o n t r i b u t i o n s  t o  t h e  burn ing 

r a t e  o s c i l i a t i o n .  Then t h e  c h a r a c t e r i s t i c  equation takes the  form 

Th is  complex equation i s  equ iva len t  to two r e a l  equations. Therefore, f o r  

neu t ra l  o s c i l l a t i o n s  o f  a given rocket  motor, t h e  four  combustion parameters, 

w r ,  r\ 
then t h e  four th ,  together  w i th  t h e  o s c i l l a t i o n  frequency, can be determined 

from equation (69). Because t h e  frequency dependence of h W )  i s  q u i t e  COW 

and 7 1 0  , are no t  independent. I f  any th ree  a re  known, Jr 

p l i ca ted ,  it i s  most convenient to  regard t h e  frequency as one of  t h e  inde- 

pendent var iab les.  I n  order  t h a t  the present i n v e s t i g a t i o n  may be r e l a t e d  

more e a s i l y  t o  previous s tud ies  o f  both l ong i tud ina l  and t ransverse modes, t h e  

two dependent va r iab les  w i  I I be taken t o  be t h e  mean s e n s i t i v e  t ime  lac ?- 

and t h e  pressure i n t e r a c t i o n  index h . Thus, 

w i l l  be determined from t h e  c h a r a c t e r i s t i c  equation, which can be w r i t t e n  

w 

c l e a r l y ,  i f  on l y  pressure e f f e c t s  a re  present, h = h .  

A t  present, none o f  t h e  combustion parameters can be ca l cu la ted  W i n r i ,  

al though a method has been developed f o r  measuring ?% and experimental l y ( 4 ) .  

Since very l i t t l e  i s  q u a n t i t a t i v e l y  known about t h e  v e l o c i t y  parameters, t h e i r  
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e f f e c t s  w i  I I be shown by c a l c u l a t i n g  )9 and ? for assumed values 

o f  t h e  r a t  i G S  7 and yI . The modi f icat i cns i ntr=.ducsd b y  t he  

assumed v e l o c i t y  e f f e c t s  w i l l  then be noted and compared w i th  t h e  r e s u l t s  of  

I r  Lee 

approp r ia-te experiments. 

The real and imaginary pa r t s  o f  equation (70), 

comprise a dimultaneous p a i r  o f  equations f o r  and 

i s  found t o  be 

-2  
/K= h, +TiL 

z h; 

z. 

(71 9 

The s o l u t i o n  

(72) 

r=  w n 

w 
where i s  determined modulo - zr 

A t y p i c a l  s o l u t i o n  f o r  new) a n d r b )  f o r  assumed values of e and 

& i s  shown i n  F i g u r e  5. Th is  s o l u t i o n  app l i es  a t  t h e  s t a b i l  

I t  can be seen t h a t  for any g iven value of t h e  t ime 
n 

where 

one value o f  t h e  pressure i n t e r a c t i o n  index i s  cons i s ten t  w i th  neutra 

t i o n s .  For  t h e  same r, a la rger  value o f  h corresponds t o  instab 

A = 0 .  

t y  I im i ts ,  

agJ Only 

c s c i  I la -  

I i t y  

(A701 , a smaller value t o  s t a b i l i t y  o \ C  0 1 .  Thus t h e  K , r  

plane i s  d i v ided  by t h e  loci of  = 0 i n t o  stab l e  and unstab I e regions, as 

shown i n  F i gu re  6. 

A g iven  rocket  motor system a t  given opera t ing  cond i t i ons  i s  assumed 

t o  be character  i zed by a s e t  o f  va I uek' o f  t h e  combustion parameters r ~ ,  

- -e15 and & . I f  t h e  po in t  on t h e  n, -plane represent ing 
h h 

t h i s  motor f a l l s  w i t h i n  one of t h e  unstable reg ions  ( i .e . ,  above t h e  s t a b i l i t y  

l i m i t  curve) corresponding t o  one o f  t he  t ransverse modes and t o  t h e  appropr ia te  
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values o f  - I r  

stable,  and large ampli tude o s c i l l a t i o n s  can be expected t o  r e s u l f .  Therefore, 

any e f f e c t  which increases t h e  s i z e  of t h e  unstable ureas on t h e  h , r -p lane 

(e.g., by s h i f t i n g  t h e  s t a b i l i t y  l i m i t s  t o  smaller h f o r  a l l  7 , or  

and 1x , then the  opera t ion  o f  the  r scke t  w i l l  be un- 
n 

t curves wi thout  changing h 1 i s  B d e s t a b i l i z i n g  
trl 

by f l a t t e n i n g  t h e  J i m  

e f f e c t .  

I n  order  t o  c l a r  

v e l o c i t y  f l u c t u a t i o n s  

f y  t h e  discussion, t h e  e f f e c t s  of t angen t ia l  and r a d i a l  

w i l l  be considered separate ly .  F i r s t ,  suppose t h a t  on l y  

pressure and tangen t ia l  v e l o c i t y  o s c i l l a t i o n s  a f f e c t  t h e  combustion process 

r a t e s  (corresponding t o  a t a n g e n t i a l l y  o r i e n t e d  doublet i n j e c t o r  p a t t e r n ) .  

Then t h e  c h a r a c t e r i s t i c  equation cun be w r i t t e n  

Y 

For r e a l  values of 4- , the  r a t i o  h/h i s  real-valued, and the re  i s  no 

s h i f t  of t h e  s t a b i l  

minimum i n t e r a c t i o n  

t h a t  f o r  pressure e 

t y  l i m i t  curve i n  t h e  2 - d i r e c t i o n .  The r a t i o  o f  t h e  

index i nc lud ing  tangent ia l  v e l o c i t y  e f fec ts ,  n t o  

f e c t s  alone, 
W' 

i s  
"1"p ' 

Therefore, s ince  &)o 
index causes a downward s h i f t  o f  t h e  s t a b i l i t y  l i m i t  curve on t h e  

by c o n t r a c t i n g  t h e  ord ina tes  of t h e  l i m i t  po in ts ,  which i s  a d e s t a b i l i z i n g  

t rend.  F i g u r e  7a shows t h e  in f luence o f  t h e  tangent ia l  v e l o c i t y  e f f e c t  on the  

s t a b i l i t y  l i m i t s  f o r  t h e  f i r s t  tangent ia l  sp inn ing mode. For o ther  modes o f  

, a p o s i t i v e  value of  t h e  tangen t ia l  v e l o c i t y  
Tu 

h,T plane 



o s c i l l a t i o n ,  t h e  e f f e c t s  w i l l  be q u a l i t a t i v e l y  t h e  same. The magnitude o f  t h e  

v e i o c i t y  e f f e c t ,  f o r  a given value, depends on the  r a t i o  o f  t he  ex- 

pans ion  coef f i c  i e n t  . Th is  r a t i o  i s  

approximately equal t o  , values of which a re  g iven i n  Table I f o r  sev- 

lo 
N 

t h e  frequency &.l={%k 

era1 modes. The second $t'') angent ia l  mode i s  seen t o  be s l i g h t l y  more in f luenced 

by t h e  tangen t ia l  v e l o c i t y  osc i  i l a t i o n s  than t h e  o ther  nodes. 

reca l  l ed  t h a t  t h e  expansion coef f  i c i e n t  c h  
It should be 

vanishes f o r  a standing tan-  

g e n t i a l  mode, so t h a t  t he re  a re  no tangent ia l  v e l o c i t y  e f f e c t s  f o r  such an 

o s c i l l a t i o n . *  

The v e l o c i t y  index 1 I s  p o s i t i v e  i n  t h e  case t h a t  t h e  burn ing r a  

i s  increased by a p o s i t i v e  v e l o c i t y .  For  t h e  tangen t ia l  ve loc i t y ,  t h e  pos 
8 

i s  charac ter ized  by a 

t i o n  o f  t h e  i n j e c t i o n  

e 

t i v e  

d i r e c t i o n  i s  not  f i x e d  w i th  respect  t o  the  rocke t  combustion chamber, b u t  i s  

t h e  d i r e c t i o n  i n  which a sp inn ing wave travels." Assuming t h a t  t h e  i n j e c t o r  

pos i t i ve 1, d i r e c t  ion (determ i ned by  t h e  or i enta- 

pa t te rn) ,  t h e  v e l o c i t y  e f f e c t  o f  a wave moving i n  t h e  

I augment t h e  pressure e f f e c t .  However, f o r  a wave 

rec t ion ,  t he  v e l o c i t y  e f f e c t  w i l l  oppose t h a t  o f  t h e  

pressure. It i s  apparent, therefore,  t h a t  t h e  p re fe r red  wave t r a v e l  d i r e c t i o n  

w i th  respect  t o  t h e  phys ica l  frame of re ference i s  t h e  same as t h e  p o s i t i v e  

d i r e c t i o n  o f  t h e  i n j e c t o r .  6 B 
I f  t h e  tangent ia l  v e l o c i t y  e f f e c t s  a re  i n  r e a l i t y  a r e s u l t  o f  a tangen- 

p o s i t i v e  d i r e c t i o n  w i  

moving i n  t h e  o ther  d 

t i a l  displacement sensib i  I i t y ,  t h e  value o f  i s  r e a l  and, as (9c) shows, 0 

* However, t h i s  may not  be t r u e  i f  changes p e r i o d i c a l l y  w i th  . 
)c)c See foo tno te  t o  equat ion (16) .  



3 n?ust be imaginary. I n  F iglrre 7b t h e  r e s u l t s  r e l a t i v e  t o  t h e  case 
0 
lo/ n = i * a r e  compared w i th  those of le /n  = 0 and I ,  showing t h a t  

t h e  tangen t ia l  displacement e f f e c t ,  con t ra ry  t o  t h e  tangent ia l  v e l o c i t y  e f -  

f ec t ,  produces la rger  changes i n  t h e  value o f  

A l s o  shown i n  t h e  f i g u r e  i s  t h e  case when both e f f e c t s  a r e  simultaneously 

present, character i zed by / n t . 

'it- then i n  those o f  yl . 

Consider now t h e  e f f e c t  o f  t he  r a d i a l  v e l o c i t y  coupled w i th  the  pressure, 

i.e., a,# 0 bu t  1 = 0. Then t h e  c h a r a c t e r i s t i c  equation i s  

N 

Since t h e  r a t i o  h/h i s  complex, one can expect an in f luence on r as well  

as on e. 

t he  l i m i t  curve i s  s h i f t e d  i n  the  d i r e c t i o n  o f  longer t ime lags. I n  t h e  c y l i n -  

d r i c a l  coord inate system, the  p o s i t i v e  r a d i a l  d i r e c t i o n  i s  from t h e  center  o f  

As shown i n  F igu re  8a, fo r  a p o s i t i v e  r a d i a l  v e l o c i t y  index lr, 

t h e  chamber toward t h e  ou ter  wa l l .  I f  a p o s i t i v e  v e l o c i t y  increases t h e  burn- 

ing ra te ,  jp i s  p o s i t i v e  and the  stabi I i t y  I i m i t  curve i s  s h i f t e d  toward 

longer r, and v i c e  versa. 

r a d i a l  v e l o c i t y  e f f e c t  i s  much smaller than t h a t  of t h e  tangen t ia l  v e l o c i t y  

However, i t  can be seen t h a t  t h e  magnitude o f  t he  

f o r  equal v e l o c i t y  i n te -c t i on  indices. 

F i g u r e  8b shows t h e  e f f e c t s  of r a d i a l  displacement s e n s i t i v i t y .  T h i s  t ime 

t h e  main e f f e c t  i s  B s h i f t  a f  %,while it was a s h i f t  of r f o r  the  r a d i a l  

v e l o c i t y  e f f e c t .  It i s  c lea r  t h a t  a p o s i t i v e  r a d i a l  displacement s e n s i t i v  

* Th is  value i s  independentof t h e  frequency, which means t h a t  lVl shou 8 
' depend on it, a x o r d i  ng i o  ( 9 ~ ) .  

t Y  

v i  t y  

d 
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c 1 /h = i, h,jn = - & 1 i s  d e s t a b i l i z i n g .  P 
In order t o  check t o  what extent  t h i s  r e s u l t  depends on t h e  existence of 

a t ime lag, we consider now the  case when instanteous e f f e c t s  a re  t h e  only  ones 

t o  be present, t h a t  i s P = 0 and fl and r g i  ven by equations ( I Z b > .  Equat ion 

(65) becomes 
M 

/ 
C a l c u l a t i n g  f o r  s i m p l i c i t y  the  case k 

we obtain,  using equations (66a and b) and separat ing r e a l  from imaginary, 

= 0 ( n e g l i g i b l e  d rop le t  drag e f f e c t s ) ,  

L e t  us f i r s t  consider t h e  case m e =  0. I f  ?np i s  e 

s u t t i n g  equations one gets  an equation i n  which t h e  on 

iminated from t h e  r e -  

y unknown i s  f o r  0 

( o f  which Ew and are  also func t ions) .  The s o l u t i o n  o f  t h i s  equat ion 
40 

f o r  any given mode provides the  dev iat ion of  t h e  frequency a t  t h e  s t a b i l i t y  

l i m i t s  from t h e  corresponding acoust ic frequency. It can e a s i l y  be checked 

dev ia t ion  is r a t h e r  small, and 

mined any of t h e  o r i g i n a l  equat 

stance 

m =  r 

i s  c lose t o  1 . Once t h e  frequency i s  deter-  

ons can be used t o  determine )n , f o r  i n -  
). 

(77)  
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t h e  t e s t  s i m p l i f i c a t i o n  being al lowed by t h e  f a c t  t h a t  4 s  1 and t h e  

second term i n  t h e  denominator i s  s u b s t a n t i a l l y  smaller than the f i r s t .  

Numerical examples shows t h a t  genera l ly  t h e  second member of equat ion 

(77) i s  p o s i t i v e .  

a p o s i t i v e  value of m 

i s  e a s i l y  seen tha  

unstable behavior. 

f i n d  t h e  same resu 

MP i s  des 

and standing tange 

i n  such a way t h a t  

L 
a val  

C I ear 

t obta 

ab i  I i z  

t i a l  m 

%h7’  J 

Hence, since f o r  tangent ia l  modes 

i s  requi red t o  produce neut ra l  o s c i l l a t i o n s .  I t  

e larger  than t h i s  p o s i t i v e  value would r e s u l t  i n  

y, i f  pressure e f f e c t s  were present too, we would 

ned previously, namely . t h a t  a p o s i t i v e  value o f  

ng, Th is  r e s u l t ,  which holds f o r  both sp inn ing 

des, shows t h e  importance o f  designing the  i n j e c t o r  

t h e  more v o l a t i  l e  propel l a n t  d rop le ts  a r e  not  systematical l y  

located a t  a smaller rad ius  than t h e  partner p rope l lan t .  Observe t h a t  the  

opposi te  conclusion i s  reachad f o r  the f i r s t  r a d i a l  mode which has a negat ive 

. This, howeve5 occurs a t  a s u b s t a n t i a l l y  h igher  frequency. 

S i rn i l a r t y  i f  tm = 0 one obta ins  
%A 

Z$ ($+I 
k m  = - 

r 

a d  

1 cz 
i id r  AyjJ a dr 

e W f  

0 

Again, f o r  p o s i t i v e  c* 
values o f  

For standing modes & 
from t h  i s mechanism. 

, as happens t o  be t h e  case f o r  sp inn ing modes, 

i n  excess of a d e f i n i t e  p o s i t i v e  value produce i n s t a b i l i t y .  

matches i d e n t i c a l  l y  and no ins tab i  I i t y  can r e s u l t  
)“e 

4 

One must reca l  I here t h a t  the  above r e s u l t s  a r e  obta ined f o r  m 1 r 
and me I 1 6 independent of r and 8 t h a t  is, for a uni form i n j e c t o r  

p a t t e r n  

conc I us 

i f  )n 
r 

modes m 

I f  he or 4 were made t o  change per i o d i c a l  i y  w i t h  4 The 

S i m i  l a r  

i s  a f u n c t i o n o f  r the above conclusion concerning t h e  r a d i a l  

9 

ons concerning sp inn ing  and stand ing modes might  be reversed. 

o r  1 r 
ght be changed. 

Y 



. 

Observe also that whi e a uniformly positive Cn 
Y 

or can be de- 

tected in many injector designs, a uniformly positive )n or is general l y  

not found (except in experimental conditions where it is so designed) because 
8 

of  a tendency of designers toward symmetric designs. 

I V .  EXPERIMENTAL VERIF ICATION 

From the linearized velocity sensitivity theory the result is obtained 

that the tangential velocity effects are absent in standing modes and present 

in spinning modes. The tangential velocity perturbation acts to shift the stability 

limits on the h,? -plane to smaller values of the interaction index. The 

effect of the radial velocity perturbation is to shift the stability I imits to 

larger or smaller time lag values, depending on the sign of the velocity in- 

dex. A positive velocity index i s  associated with the tangential velocity ef- 

fect. However, the positive tangential direction is not defined in terms of 

the combustion chamber geometry, as in the case of the radial velocity. Rather, 

the positive tangential direction i s  defined as the direction in which a spinning 

wave trave I s.  

The sign of the velocity index depends on the characteristics of  the 

spray formed b y  the injector. According to the physical model, a positive 

velocity injex implies that the burning rate is increased when the velocity 

perturbation is in the positive direction. The symmetry of the fuel-on- ' ,  

oxidizer impinging doublet injector is such that the radial and tangential 

velocity ef fec ts  can be separated, as discussed previously. For the radial 

spud orientation (see Figure 21, the velocity effect, due solely to the radial 

velocity component, cannot be calculated unless the si7n of the velocity index 

is known for a particular injector arrangement. At the present time, knowl- 

edge of the details of the cornbus?ion process is insufficient to al  low the 
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per imental  means, based on spinning mode t e s t s  w i th  t h e  t a n g e ~ t i a l  spud 

o r i e n t a t i o n .  B y  observing the  d i r e c t i o n  of wave t r a v e l  wi th  respect t o  the  

i n j e c t o r  spuds, i t  i s  poss ib le  t o  determine the  d i r e c t i o n  o f  t h e  va !oc i ty  per-  

t u r b a t i o n  which irccreases the  burning r a t e .  From t h i s  ir-tforrnation, the  s ign 

o f  i-he r a d i a l  v e l o c i t y  index f o r  a given r a d i a l  i n j e c t o r  arrangement can be 

found.* 

Several whole motor t e s t s  were made wi th  the  tangent ia l  spud o r i e n t a t i o n ,  

us ing t h e  i n j e c t o r  o f  F i g u r e  2 and the experimental aparatus described i n  

Reference I .  Three pressure transducers were used t o  determine t h e  d i r e c t i o n  

or t h e  wave t r a v e l  w i th  respect t o  the i n j e c t o r  spuds. The r e s u l t s  of four  

t y p i c a l  t e s t s  a r e  shown i n  t h e  fo l low ing  tab le :  

Test  Chamber I n j e c t  ion m 
No. D i ameter D i ameter Desi gn M R  Design b1R Mode D i r e c t  ion 

I 9 8 1.4 .90 I T  F 4W* 
F - 0  2 9 8 I .4  .87 2T 

3 6 5 2.2 . 4 3  I T  F 4 0  
4 9 a I .o 1.39 I T  F 4 0  

Consider ing the f u e i - r i c h  and o x i d i z e r - r i c h  zones as determined f o r  t h i s  type of 

i n j e c t o r  i n  Reference 9 ,  the  pre fer red  d i r e c t i o n  was from o x i d i z e r  r i c h  t o  f u e l  

r i c h  i n  agreement w i th  t h e  mechanism suggested above. Reference 5 d i scusses 

these t e s t s  i n  more d e t a i l .  

The angle o f  t h e  i n j e c t i o n  spray w i t h  respect t o  the  combustion chamber 

a x i s  i s  a f u n c t i o n  o f  the  r a t i o  of  the t e s t  mix tu re  r a t i o  t o  t h e  design mix tu re  

r a t i o ,  MR/design FvtR. I f  t h i s  r a t i o  i s  less than one, The ne t  l a t e r a l  spray 

momenium i s  i n  the  d i r e c t i o n  F * 0, and i f  i t  i s  greater  than one, the spray 

momentum d i r e c t i o n  i s  0-  F. I t  i s  c lear  from the t e s t  r e s u l t s  t h a t  the  wave 

t r a v e l  d i r e c t i o n  was not  a f f e c t e d  by any r o t a t i o n  caused b y  of f -des ign  opera f ion  

of  the  i n  iector  . 
* Th is  conclusion i s  t r u e  i f  the  value o f  

t h e  i n j e c t o r ,  as assumed i n  t h i s  study. 

The n o t a t i o n  F 4 0  r e f e r s  t o  the order  i n  which t h e  sp inn ing wave crosses 

i s  the  same f o r  a l l  p a r t s  o f  
d 

t h e  i n j e c t o r  o r i f i c e s .  
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t 

It should be noted t h a t  although the  opera t ing  cond i t i ons  f o r  t e s t s  I 

and 2 were very near ly  t h e  same, the r e s u l t i n g  o s c i l l a t i o n s  were o f  d i f f e r e n t  

modes. 

i t  can be seen t h a t  t h e  unstable mode of the  standing type i s  t h e  second tan-  

g e n t i a l .  The v e l o c i t y  e f f e c t s  f o r  t h i s  c o n f i g u r a t i o n  a r e  i l l u s t r a t e d  by F igu re  

9 .  Although p o i n t  "A", represent ing t h e  t e s t  motor, i s  w i t h i n  on l y  the  second 

mode unstable zone f o r  t h e  standing form, i t  l i e s  w i t h i n  both the  f i r s t  and 

second mode zones f o r  t he  sp inn ing  form when v e l o c i t y  s e n s i t i v i t y  i s  present. 

The d i f f e r e n c e  between t e s t  I and 2 was i n  t h e  s t a r t i n g  per iod.  Test I u t i l i z e d  

t h e  normal s t a r t i n g  procedure, whereas an aluminum b a f f l e  was used i n  t e s t  2. 

The e f f e c t  of the  b a f f l e  was t o  s t a b i l i z e  t h e  f i r s t  t angen t ia l  mode dur ing  t h e  

f i r s t  second o f  opera t ion  by  cons t ra in ing  a standing mode o s c i l l a t i o n  p a t t e r n  

i n  t h e  chamber. Upon burnout o f  the  b a f f l e ,  t h e  o s c i l l a t i o n  changed t o  t h e  

sp inn ing type  wi thout  changing t h e  mode. Th is  r e s u l t  Is an example o f  non- 

l i n e a r  e f f e c t s .  Although f o r  very saml I o s c i l l a t i o n s  both modes cou ld  co-exist,  

i f  t h e  amplitudes are l a rge  one mode will dominate to the  axeius ion o f  t h e  

o ther .  I n  t h i s  case t h e  dominant mode w i l l  be t h e  f i r s t  tangent ia l ,  unless 

t h e  second tangent ia l  mode i s  allowed t o  grow t o  la rge  amplitudes, as i n  t e s t  

number 2. 

Moreover, from F igure  7 of Reference I ( f o r  br = I . 4  and d = 180') 

The whole motor tangen t ia l  o r i e n t a t i o n  t e s t s  demonstrated +ha+ for the  

i n j e c t o r  used i n  t h i s  i n v e s t i g a t i o n  the  burn ing r a t e  i s  increased by B v e l o c i t y  

pe r tu rba t i on  n t h e  d i r e c t i o n  F 0. A s e r i e s  o f  r a d i a l  o r i e n t a t i o n  angular 

s t a b i l i t y  I i m  t t e s t s  was then made i n  which t h e  arrangement of t he  i n j e c t o r  

was such t h a t  t h e  d i r e c t i o n  0 4 F  was p o s i t i v e  (outward). Therefore, a nega- 

t i v e  r a d i a l  v e l o c i t y  was requ i red  t o  increase t h e  burn ing rate, t h a t  is ,  t he  

r a d i a l  v e l o c i t y  index 1 was negative. 

theory, as discussed above, f o r  gP4 0 , t h e  s tab i  I i t y  I i rn i ts  on the  4r- 
plane a re  s h i f t e d  toward smal l e r  ? . It has a l s o  been shown t h a t  t he  

According t o  t h e  v e l o c i t y  e f f e c t  
r 
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theo re t  i ca  

sector  ang 

t i v e  t ime 

t h e  e f f e c t  

i ns tab i  I i t y  zones are  moved i n  t h e  d i r e c t i o n  o f  larger  r a s  t h e  

e i s  increased. Thus, i f  t h e  pressure i n t e r a c t i o n  index and sensi- 

ag a re  t o  be independent o f  t h e  o r i e n t a t i o n  o f  t h e  i n j e c t o r  spuds, 

of t h e  r a d i a l  v e l o c i t y  must be counteracted by an increase i n  t h e  

ion  should 

o c i t y  e f -  

sector  angle. That i s ,  t h e  s t a b i l i t y  l i m i t s  f o r  t h e  r a d i a l  o r i e n t a  

be a t  larger  angles than those o f  the  tangent ia l  o r i e n t a t i o n  (no ve 

f ec ts )  . 
Th is  p r e d i c t i o n  was borne o u t  by t h e  r a d i a l  o r i e n t a t i o n  tes ts .  F i gure 

10 shows t h e  r e s u l t s  f o r  a t y p i c a l  con f i gu ra t i on .  The lower l i m i t  o f  t he  

f i r s t  t angen t ia l  mode va r ied  between approximately 90° and 120' over t h e  

range o f  m ix tu re  r a t i o ,  wh i le  t h e  tangent ia l  o r i e n t a t i o n  lower l i m i t  f e l l  be- 

tween 60 and 90'. 

wi th  t h e  r a d i a l  o r i e n t a t i o n  caused s i g n i f i c a n t  v a r i a t i o n  o f  t he  s t a b i l i t y  

l i m i t s  w i th  m ix tu re  r a t i o ,  which may be due t o  d i s t o r t i o n  o f  t h e  r e c i r c u l a t i o n  

pa t te rn .  

From F igure 10 I t can be seen t h a t  o f f  -design operat  ion  

The decreased stabiiity of f h e  spini-iing t ype  of tai igant!al  modes due t o  

f u l  I 

baf f 

When 

even 

tangen t ia l  v e l o c i t y  e f f e c t s  was shown by a se r ies  o f  t e s t s  which u t i l i z e d  both 

a 180' sector motor and a whole (360') motor w i th  metal b a f f  !as .  

b a f f l e s  were found t o  be capable of producing t h e  same s tab fa  opera t ion  as t h e  

I t was a l so  determined t h a t  s tab le  opera t ion  r e s u l t e d  w i th  a 

Such metal 

80" i n s e r t .  

e on l y  5/8" long, i f  t h e  b a f f l e  was placed against  t h e  i n j e c t o r  face. 

a space was l e f t  between t h e  i n j e c t o r  and b a f f l e ,  i n s t a b i l i t y  was observed, 

zsngent i a  I 

ab l e  

ear l y  

though a l o n g e r , b a f f l e  was used. Thus, t h e  tangen t ia l  v e l o c i t y  or 

displacement e f fec ts ,  which cause the  sp inn ing form t o  be much more uns 

than t h e  s tanding form, a re  concentrated near t h e  i n j e c t o r  face, i n  t h e  

combustion zone. 

I n  order t o  i nves t i ga te  t h e  t r a n s i t i o n  from t h e  s t a b i e  standing form of 

t h e  tangen t ia l  modes t o  t h e  unstable sp inn ing form, a d e s t r u c t i b l e  b a f f l e  was 

used. It was made o f  aluminum, 1/8" t h i c k  by 1 ' '  long, and was placed a a i n s t  



t h e  i n j e c t o r  face. Experiments showed t h a t  t h e  a 

e s s e n t i a l l y  i n t a c t  f o r  t h e  f i r s t  second o f  operat  

q u i c k l y  a t  t h a t  t ime. 

e r a t i o n  under both s tab le  and unstable cond i t i ons  

Thuspeach aluminum b a f f l e  

umir-ium b a f f l e  remained 

on, bu t  disappeared 

e s t  cou ld  show motor op- 

A comparison o f  t h e  s t a b i l i t y  of t h e  s tanding and sp inn ing modes us ing 

t h e  tangen t ia l  spud o r i e n t a t i o n  i s  shown i n  F igu re  1 1 .  The f i r s t  and second 

i ines represent  the  whole and h a l f  motor tes ts ,  respec t ive ly ,  which were d i s -  

cussed above. The t h i r d  and f o u r t h  l i n e s  present the  r e s u l t s  o f  t he  aluminum 

b a f f l e  t e s t s .  I t  can be seen t h a t  the e a r l y  p o r t  on o f  these t e s t s  corresponds 

t o  t h e  1800 sector tes ts ,  and t h a t  as soon as t h e  c o n s t r a i n t  t o  t h e  standing 

mode was removed, t h e  rocket  operat ion became uns able.  

pe r iod  a smooth increase i n  amplitude from t h e  combustion noise leve l  t o  t h a t  

o f  t h e  f u l l y  developed o s c i l l a t i o n  was observed. Data from a l a t e r  se r ies  o f  

t es ts ,  i n  which two transducers were used t o  determine t h e  sp in  d i r e c t i o n  o f  

t h i s  f u l l y  developed osci i la t ion ,  are shown i n  F i g u r e  12. 

I n  t h e  t r a n s i t i o n  

Fur ther ,  more extens ive experiments, using a 7 ’  i n j e c t i o n  diameter to 

minimize chamber wai i  e f fec ts ,  showed t h a t  t h e  d i r e c t i o n  o f  s p i n  was dependent 

on m ix tu re  r a t i o  ( 1 4 ) .  I n  whole motor t e s t s  i t  was found t h a t  a t  low m ix tu re  

r a t i o s  t h e  sp in  d i r e c t i o n  was opposite t o  t h a t  expected, whereas t h e  pred ic ted  

sp in  d i r e c t i o n  was observed a t  t h e  design m ix tu re  r a t i o  (1.4 i n  t h i s  case) 

and above. S imi la r  r e s u l t s  were obtained i n  t e s t s  us ing d e s t r u c t i b l e  b a f f l e s .  

Based on these r e s u l t s ,  i t  appearedthat t h e  loca t ions  o f  t h e  reg ions  o f  f u e l -  

and o x i d i z e r - r i c h  composit ion change w i th  m ix tu re  r a t i o  because o f  v a r i a t i o n s  

i n  t h e  impinging stream v e l o c i t i e s .  

In order  t o  verify these suspected composit ion changes w i th  m ix tu re  

r a t i o ,  a separate f low study was made on t h e  i n j e c t o r  spuds. Using a Rupe- 

type  sampling probe (151, s imulat ing t h e  l i q u i d  oxygen densi ty  w i th  an ap- 

p r o p r i a t e  sugar water so lu t i on ,  and s u b s t i t u t i n g  equ iva len t  dens i ty  RP-I f o r  
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' ,  

t h e  water so lub le  a lcohol ,  t h e  data shown i n  F i g u r e  I3  were obtained. The 

low mix tu re  r a t i o  operat  

o f  o x i d i z e r - r i c h  reg ions  

Th is  contrafsted w i th  t h e  

above where t h e  d i s t r  i bu 

on o f  t h e  spud repeatedly  ind ica ted  the  presence 

on t h e  s ide  o f  t h e  spray toward t h e  o x i d i z e r  ho le.  

reversed operat ion a t  design m ix tu re  r a t i o  and 

ion fo l lowed t h e  p red ic t i ons  o f  Reference 9. 

Such behavior complicates experimental v e r i f i c a t i o n  using t h e  f u e l -  

o x i d i z e r  impinging doublet type  o f  i n jec t i on .  Therefore, a mod i f ied  i n j e c -  

t i o n  system was used t o  place fue l  and o x i d i z e r - r i c h  zones i n  a f i x e d  

s p a t i a l  r e l a t i o n s h i p .  Using two I i k e - o n - l i k e  doublets per spud, w i th  a 

predetermined spacing between t h e  r e s u l t a n t  spray fans, as shown i n  F i g u r e  

12, i t  was poss ib le  t o  i l l u s t r a t e  the p r e f e r e n t i a l  sp in  d i r e c t i o n ,  Besides 

t h e  i n t e r - f a n  spacing, a r a d i h l  spacing was inherent i n  the  spud design 

because o f  man i fo ld ing  requirements w i t h i n  t h e  spud. 

r a d i a l  spacing (9.15 inch) was minimized by us ing  900 impinging streams so 

t h a t  a h igh  degree of over lap  (viewed t a n g e n t i a l l y )  e x i s t e d  between f u e l  and 

o x i d i z e r  spray fans. Since t h i s  i n j e c t i o n  arrangement, us ing 0.S Inch spaced 

fans and opera t ing  a t  150 psla, was b a s i c a l l y  s tab le,  t h e  d e s t r u c t i b l e  b a f f l e  

(see F i g u r e  14) was normally no t  used, However, where a small zone o f  spin- 

n ing  type  i n s t a b i i i t y  d i d  e x i s t  i n  the whole motor (as shown i n  F igure l61,  

t h e  b a f f l e  was employed dur ing  t h e  s t a r t i n g  t r a n s i e n t  t o  e l i m i n a t e  v e l o c i t y  

e f f e c t s .  

The e f f e c t  of t h i s  

The pu ls ing  device used i n  these t e s t s  was t h e  gun powder, ptrtkila#kn 

pressure i n  thousands of pounds. A 

here, nonl inear  l i m i t s  o f  i n s t a b i l  

q u a n t i t i e s  such as pressure and ve 

14 and 17. 

b u r s t  d isc  arrangement f i r s t  used by Aero je t  ( I & ) .  

F igu res  15 and 16 i s  s p e c i f i e d  i n  gra ins o f  p i s t o l  powder and b u r s t  d isc 

Thus, t h e  o r d i n a t e  i n  

- _  
though t h i s  w i l l  s u f f i c e  f o r  t h e  d iscuss ions 

t y  must be r e l a t e d  t o  t h e  more fundamental 

o c i t y .  Such data a r e  presented i n  Reference 
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The experimenta 

trom o x i d i z e r  t o  fue  

pulses i n  -the opposi 

t h e  p r e f e r r e d  d i r e c t  

program included fes ts  i n  which the pulse d i r e c t i o n  

( t h e  predic ted p r e f e r e n t i a l  d i r e c t i o n )  and t e s t s  w i  

e d i r e c t i o n .  Consider f i r s t  the r e s u l t s  of pu ls ing  

on, o x i d i z e r  t o  f d e l  (denoted by O-F, where ‘the bar 
- 

WB s 

h 

n 

i n d i c a t e s  t h a t  t h e  o x i d i z e r  spray i s  c l o s e s t  t o  t h e  chamber w a l l )  shown i n  

F i g u r e  15. Except f o r  one ext raord inary t e s t  wi th  t h e  whole motor, a l l  o f  

t h e  unstable t e s t s  w i th  t h i s  arrangement were found to be sp inn ing i n  t h e  

G d F  d i r e c t i o n  [ i .e . ,  t h e  same d i r e c t i o n  as t h e  i n i t i a l  pu lse) .  

Perhaps a b e t t e r  t e s t  f o r  v e r i f y i n g  t h e  d i r e c t i o n a l  aspect of t h e  

v e l o c i t y  e f f e c t  Ys presented i n  t h e  data shown i n  F i g u r e  16. Here the  

p o s i t i o n  o f  f u e l  and o x i d i z e r  spray fans has been reversed, Therefore, t h e  

Pulse d i r e c t i o n  ( ? d o )  i s  opposi te  t o  t h a t  t h e o r e t i c a l  l y  preferred.  

ever, the  f i n a l  sp in  d i r e c t i o n  of  the unstable combustion remains 0 - F .  I t  

i s  i n t e r e s t i n g  t o  observe t h e  seGuence o f  events  which lead t o  t h i s  r e s u l t .  

F i g u r e  17-shows t h e  t ime h i s t o r y  o f  a t y p i c a l  pulsed t e s t  w i th  t h i s  c o n f i g -  

u ra t  ion. The imparted pulse di  sturbance dT-0) i n  t h  i s case pers i  sts less 

than 20 mi l l i seconds and i s  fo l lowed by a b r i e f  per iod  o f  standing mode in -  

How- 
- 

&. s tab i  I t y .  

gradua l y  b u i l d i n g  t o  maximum amplitude. 

d i r e c t  on i s  c l e a r l y  shown. 

The l a t t e r  t ransforms t o  0 + F spinning mode osc i  1 Ia t ions,  

T h u s t h e  preference f o r  t h e  0 3 F  

It must be remembered, however, t h a t  even w i th  o n l y  a 0.1 inch spacing, 

t h e  l i k e - o n - l i k e  arrangement can only  roughly  approximate t h e  uni form change 

from f u e l - r i c h  t o  o x i d i z e r - r i c h  composit ion assumed i n  t h e  theory. With 

wider spacing t h i s  l i n e a r  assumption cou ld  no t  be expected t o  apply and non- 

l i n e a r  fo rmula t ion  of  t h e  v e l o c i t y  e f f e c t  i s  c u r r e n t l y  i n  progress at Pr ince-  

ton.  
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T1TLE.S FOR FIGURES 

F i g w e  1 .  

Figure 2. 

F igcire 3. E f f e c t  of s p u d  orienfation observed i n  Transverse insiabi I iSy 
tests using a 9 inch diameter combustion chamber and an 8 inch 
injection circle diamei-er. 

S-ta:idir.j and spinniR; fcrms cf ?%e f i r s t  tangential modes. 

D o u b l e t  spud orientation and design, 

Figure 4. Schematic representation of the  fuel and oxldizer-rich stratifi- 
cation produced by  a doublet spud. 

Figure 5. Typical solution for the combustion parameters )l (d) and r&I 
gure 6. Stab le  and unstab le  regions on t h e  ?t , ? -plene. 
gure 7a. Theoretical tangential velocity effect &-I stability limits, 

first tangential mode, uniformly distributed combustion; chamber 
e x i t  Mach No., = 0.10. 

the first tangential mode, d,, 
gure 7b, Theoretical tangential velocity and displacement sensitivity for - 0, same conditions as In Figure 7a. 

Figure 8a. Theoretical radiai velocity effect on stabillty limits, first 
tangential mode, uniformly distributed combustion; chamber exit 
Mach number, E ,  = 0, IO 

first tangential mode, 8 o. 0, same conditions as in Figure 8a. 
Figure 8b. Theoretical r a d i a l  veloci-ty and displacement sensitiviiy for h e  

Figure 9. Theoretical predictions of the tangential velocity effect with 
combustion concentrated at an i,iJection diameter-circle of 8 inches 
in a 9 Inch diameter chamber, - 0.05 % P. = $/Si 

I 

Figure IO. Shift of stability limits due to radial velocity effects i n  a 9 
inch diameter sector motor with 8 inch diameter injection clrcie 
operated at 150 psia chamber pressure (nominal thrust 1,OOO ibs, 
alcohol-oxygen) 

Figure I I .  Tangential spud orientatlon baffle tests using a 6 inch diamei-er 
chamber with 5 inch diameter injection circle, 150 psia chamber 
pressure and nominal thrust at Ibs., alcohol-oxygen. 

Figure 12, Linear Instability buildup following baffle burnout as recorded 
on two pressure transducers mounted at 900 on the chamber wai I 
using a 9 inch chamber diameter, 7 lnch injection circle diameter, 
150 psia chamber pressure and a 1,ooO Ib. nominal thrust, alcohol 
oxygen. 

Figure 13. Mixture ratio gradients across the spray fan of a fuel-on-oxidizer 
impinging doublet spud, orifice diameter .081-inches. 
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F igure 

F igure 

4. 

5 .  

F i gure 16. 

Figure 17. 

Chamber arrangement for i nves'f i gai i ng shock pu I se e t i e c t s  on 
stability limits including a typical run time sec;uence. 

Pulsed limits testing of an injection composed of .I inch spacing, 
like-on-like spuds using a 9 inch diameter injector, 7 inch in- 
jection circle diameter, 1 %  psia-chamber pressure and 1,000 Ib. 
ncminal thrust. Pulses directed 0 - F  (oxidizer outside). 

Same test conditions 8 s  Figure 15 but pulse d i r e c t e d j  + 0 
(fuel outside). 

Pressure records indicating the preferred tangential mode spin 
direction under the conditions noted for Figure 16. 



TAELE I 

Veloci ty E f f e c t  Coefficients for Uniform .Injection, 

F u  I I C i rcular Chamber 

Mode 

F i r s t  tangent ia l  I I 0.191 16 0.77402 

Second tangential 2 i 0.181 24 0.85258 

F i r s t  radial 0 2 -0.13320 0.00000 

F I r s t  combined I 2 0.02884 0.221 97 
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Nonsteady pressure recorded on two pressure transducers 
(spaced at 90")for a fuel to oxidizer oriented pulse 
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